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The lattice vibrational properties of heteropolar crystals of the NaCl structure are examined

within the context of recent dielectric-screening theories of insulating crystals.

Phillips’s

bond-charge approximation for the dielectric response of semiconductors with tetrahedral
coordination is adapted to the treatment of partially covalent NaCl structure crystals. Ap-
plication is made to MgO, where the gross violation of the Cauchy relation among the elastic
constants points to the importance of noncentral forces arising from covalent effects. The
bond-charge model in conjunction with a valence-force-field approximation for the short-range
interactions is shown to provide an adequate description of the lattice spectrum in MgO.

I. INTRODUCTION

The character of the chemical bond which exists
between the component atoms of a metallic or non-
metallic crystal is reflected in those properties of
the crystal which depend directly on the electronic
spectrum. These properties are, in turn, reflected
in the linear dielectric-screening properties of the
many-particle system consisting of the valence
electrons alone. It is only natural, then, that re-
cent advances in the understanding of the chemical
bond~* have been based on a dielectric-screening
theory of the valence electrons of the crystal. Ap-
plication of these ideas has met with considerable
success in the understanding of the over-all trends
of many of the physical properties of a large class
of covalent and partially ionic diatomic crystals® ®
with the formula AyBg_y. Of particular note is the
successful correlation of a dielectric definition of
electronegativity or ionicity” with the structure of

the static electronic dielectric constant. This has
led to the prediction, with good results, of ioniza-
tion potentials and band structures of 68 binary
compounds® of the form Ay Bg_y. Furthermore, a
correlation has been shown to exist between the ef-
fective ionicity defined by Phillips and some of the
regularities exhibited by the experimental elastic
constants of ZnS structure semiconductors. ®

The basic ideas which underlie the dielectric def-
inition of electronegativity can be used to develop
a model of lattice vibration spectra in covalent and
partially ionic crystals. Such an extension was
proposed by Phillips* and subsequently put on a
more rigorous basis by Martin® in a dielectric-
screening treatment of the lattice vibrations of sil-
icon. It will be recalled that there have appeared
recently several general formulations of the lattice
vibration problem!®*! which encompass in a unified
manner the lattice dynamical description of both
metallic and nonmetallic crystals. In his work on
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Si, Martin succeeded in establishing the connection
between Phillips’s bond-charge model? and these
general lattice dynamical formulations, thus justi-
fying the bond-charge model within a rigorous con-
text. The general lattice dynamical formulations
focus on the problem of expressing the phonon self-
energy function in terms of the response of the
crystal electrons to an external probe. This so-
called microscopic dielectric approach permits the
complete solution of the lattice vibrational problem
within the harmonic a.pproxima.tion12 once a properly
defined inverse screening matrix for the electrons,
€l(q+K, q+K’), is known. A particularly note-
worthy feature of the application of these ideas to
insulating crystals is that the K# K’ elements of

€' are manifestly nonzero - indeed, these elements
are necessary for the satisfaction of an exact sum
rule!®!? which ensures that all acoustic mode fre-
quencies approach zero as the wave vector of the
mode approaches zero. Previous pseudopotential
treatments of the lattice dynamics of the simple
metals are special cases of the more general mi-
croscopic dielectric formulation. In a metal, one
neglects the K#K’ elements of e 1(q+K, q+K ')

and then approximates the diagonal part by 1/
€ppa(@+K), where €, represents the usual RPA
(random-phase approximation) dielectric function
appropriate to free-electron screening including
exchange. Since €zpa(q)~1/¢% as g— 0, the acoustic
sum rule places no constraint on the K#K’ terms
and hence a diagonal-screening matrix is an accept-
able choice for a metal. In insulating crystals on
the other hand, €(q, q)~ 1/€, and the off-diagonal
elements of € are necessarily nonzero if the
acoustic sum rule is to be satisfied — the closer €,
is to the ideal insulating value of 1, the more im-
portant these off -diagonal elements become. Since
the K#K’ elements of € are a manifestation of
local field effects, one might anticipate that in those
materials where the splitting between wy,o(T") and
wro(T) is extremely large (hence implying a very
polar material) these effects would be of primary
importance. -

Short of actually calculating €(q+K, q+K ) from
the complete electronic spectrum of the crystal and
inverting the full N X N matrix €, a formidable
job, one may proceed from a different point of
view. Assuming a qualitatively reasonable model
for € based on a simplified description of the band
structure, one might attempt to approximate the
diagonal elements of €}(q+K, q+K ') by 1/
e(d+K, §+I_§) and then proceed with an ansatz for the
K #K’ elements of €-!, the choice of this ansatz being
guided by the exact sum rule which € satisfies.
This approach was adopted by Martin in a treatment
of the vibrational spectrum of silicon.® In Martin’s
treatment the contribution to the dynamical matrix
from the off-diagonal elements of €? is approxi-
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mated by the distortion energy associated with the
displacement of point bond charges constrained to
reside at points midway between nearest neighbor
atoms. The phonon spectrum calculated in this
way agrees well with the experimentally measured
phonon spectrum of Si with a minimum number of
adjustable parameters. Although the full calcula-
tion for Si utilized bare pseudopotential form fac-
tors together with a nonmetallic screening function,
it was found that an effective “repulsive” contribu-
tion to the dynamical matrix could be isolated and
approximated by a two-parameter nearest-neighbor
interaction without altering the prominent qualitative
features of the vibrational spectrum.

In the present paper we extend the ideas outlined
above to the treatment of some of the vibrational

properties of heteropolar crystals with octahedral
coordination. It is true that covalent bonding is
usually associated with tetrahedral coordination,
whereas octahedrally coordinated materials are
typically thought to be purely ionic in character.
Nevertheless, there exists a class of NaCl-type
crystals for which covalent effects are important.
Let us recall that the simple picture one usually
associates with a purely ionic material is that of
individual ions existing at isolated lattice sites
within the crystal. This picture, in fact, has little
meaning unless the effective wave function for each
ion exhibits negligible overlap with its neighbors.
Such a situation is well approximated in an alkali
halide such as KCI where the valence bandwidth is
relatively narrow (~0.8 eV). Indeed, explicit APW
(augmented-plane-wave) calculations of the band
structure of KC1 % indicate that the spatial dis-
tribution of electronic charge in the p valence bands
is strongly ionic in character. Specifically, one
finds that only 2. 4% of the electronic charge is lo-
calized in the K sphere, whereas 89. 0% is localized
in the C1 sphere with the remaining 8.6% in the
constant-potential region outside both spheres. In
contrast to this, a material such as MgO has a very
large bandwidth (~4 eV) and exhibits characteris-
tics suggestive of covalent effects. A band-struc-
ture calculation'® for MgO analogous to that for KC1
reveals a significant decrease in the amount of
electronic charge localized in the anion sphere, so
that when compared to a material such as KCl,
MgO exhibits the presence of a significant amount
of valence charge in regions other than at lattice
sites. This property might have been anticipated
in view of the fact that MgO registers a value of
0. 841 on the ionicity scale of Phillips and Van
Vechtin, ° in contrast to a value of 0.953 for KCL.
The only other octahedrally coordinated Ay Bg_y
compound with an ionicity below MgO is CdO with
an ionicity of 0.785, the critical value below which
tetrahedral coordination dominates.

There exist other octahedrally coordinated ma-
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terials for which the delocalization of electronic
charge plays a dominant role and for which a par-
tially covalent description may be appropriate. One
such material is LiH. The results of x-ray and
neutron diffraction studies'® of the electron density
in this compound suggest considerable overlap of
the ionic wave functions. Finally, it should be noted
that covalent bonding is vital to the understanding

of many of the properties of the IV-VI compounds
GeTe, SnTe, and PbTe.!” Indeed, it is by now well
established that the displacive phase transition ex-
hibited by GeTe and Ge,Sn,_,Te involves a rhom-
bohedral distortion which almost certainly is as-
sociated with covalent effects.!®*®

The model which we introduce here is similar in
its general features to the model employed by
Martin in his treatment of the vibration spectra of
the diamond-structure homopolar semiconductors.
As in Martin’s work the off-diagonal elements of
the inverse screening matrix are related to the
distortion energy associated with the displacement
of the localized bond charges. There exist essen-
tial differences, nonetheless, between the analysis
of the NaCl-type crystals and a similar analysis of
the homopolar IV semiconductors. It is obvious
that a homopolar NaCl-type crystal cannot exist.
Indeed, it is the heteropolarity or partial ionicity
which stabilizes the NaCl structure by preventing
it from reverting to the simple cubic structure,
which is known to be intrinsically unstable. Thus,
the model must incorporate the possibility of there
being unequal ionic changes on the two sublattices
of the crystal. Furthermore, one can no longer
impose the constraint of having the localized bond
charges reside at the midpoint between nearest-
neighbor ions as was assumed in Martin’s treat-
ment of Si. Indeed, in the present model, the split-
ting of the LO- and TO-phonon modes at the zone
center is determined by an effective charge ¢* =%

X (24 —25) + u(z4 + 2,), where p represents the frac-
tional deviation of the bond charge from a position
midway between nearest neighbors in the instanta-
neous lattice configuration. The z;, 2z, are related
to the ionic charges associated with the two sub-
lattices. The hypothetical homopolar case (z; =z,
©=0) yields ¢*=0, as it should.

With respect to the non-Coulombic contributions
to the dynamical matrix, we restrict ourselves in
the present paper to a detailed examination of the
particular model in which the non-Coulombic con-
tributions to the dynamical matrix are approximated
by an effective short-range interaction. It is our
basic purpose to explore in detail the content of the
microscopic dielectric approach in its simplest
possible form when applied to NaCl-type crystals.
Except for a brief discussion in Sec. IV we do not
concern ourselves in the present work with the de-
tailed structure of the inverse screening matrix,
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reserving those considerations for a later paper.

In Sec. Il we review briefly some of the basic
ideas of the microscopic dielectric approach within
the context of the present analysis. In Sec. III we
introduce a prototype for a model of the lattice
spectrum of a typical partially ionic NaCl-type
crystal. Preliminary to the application of this pro-
totype to a specific material, we consider in detail
the dependence of the Coulombic contributions to
the energy and elastic constants on bond-charge
position and sublattice charge. After introducing
a model for the short-range forces, we then discuss
the validity of the model in the light of a specific
application to MgO. How well the model works de-
pends on several considerations. It should, in fact,
be emphasized that the localized bond-charge model
introduces valence distortion in an oversimplified
manner through its restriction to point charges. In
a material such as LiH, where ionic overlap is
large, a proper description would require the in-
troduction of form factors for the bonding charges.
The consequences of our approximation will be
discussed in Sec. IV.

II. FORMAL PRELIMINARIES

We begin this section by casting the results of the
microscopic dielectric formulation!® into a form
suitable for our present purposes. We consider the
situation in which a lattice of ions (consisting of
nuclear charge plus tightly bound electronic charge)
interacts with itself and with the remaining screen-
ing electrons. The core-core interaction energy
is assumed to be purely Coulombic in nature,
whereas the screening electrons interact with the
cores via an effective potential ¥ ,,U,(X - T;,). Here
X is an electron coordinate and T, is the instanta-
neous position of an ion of type o in lattice cell .
The bare ion-core form factor is defined by

Uy(q)= [ d¥e U (T),
and satisfies

113;1[ - (qz/47T)Uu(£I)] = Za )

(1a)

(1b)

where Z; is the ionic charge associated with an ion

of type o.
The phonon frequencies w,, and eigenvectors €,

are derived from

te g

2 SO _ Dss" AP AT |
Wp€ar = 2 au"(q)eqh ’
s g"

(2a)

where (we specialize to the case of two atoms per
unit cell)
(M1Mz)-1/2Dcsy§: (a) :(MoMa')-l/z
x[AS(q) = b5e.2 ASM0)] (2b)
. ot

and
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=,z = = [lg+K |2 )(q+K)(a+_I§’) .<lq+§'lz - = )
ss’ - ’, ) - . 4 = . !
A D= T ek X, iR Eo) (ML 0,qR)) DHar e (LD g )
|q+K | [, (3) = bgg ] ﬂzazo.Z'e’ﬁ'iv°(q+K)s(q+f)ﬁ (2¢)
Iq Kl a g +K |

M, is the mass of an ion of type 0, and X, is the
position of that ion in the unit cell. The «? is given
in units of the squared frequency (me*/21%)/[r2

x (MyM,)"'?], where 7, is the nearest-neighbor dis-
tance and a =7, /a,.

The last term in (2¢) represents the direct Cou-
lomb interaction between ion cores having charges
Z,e and Z,. e. The €z (q) then represents the
dressed inverse screening matrix of the valence
electrons only. Now, in a crystal of cub1c sym-
metry, the most general form that A3S (q) can take
in the q 0 limit is

AS(@)~ (850 —qsqs0 /4P AL (q)
+( g9y /99A% () ,
where the longitudinal and transverse parts
AL (D)=¢2L ¢, A8 (D g, ,
ss’ (3)
A% (D=3[T 45 @ -*Z 0,45 @ |
are well defined as ¢— 0 and are invariants of the

full cubic group. The requirement that all acoustic
modes become zero as g— 0 takes the form

lim 2. [AL,. (q) - AL.(9)] = (4)

q-0 o'

This last allows us to write the total dynamical
matrix for ¢~ 0 as

(M, /M,)"2D35" (q) = (M, /M,)Y2D3" (q)

=-D§3'(q)
= (653' i’ Qs'/qz)[ _A{Z(O)]
+(qsqs- /a5 -AL0)] . (5)

It immediately follows that the ¢ = 0 optic modes are
given by

W6 (0) = (M +Mp)(MM,;)Y2[ - AL (0)]

K (6
W (0) = (M, + M)V M) V2 - AL(0)] . )
The condition (4) can be shown to follow directly
from the general sum rule established by Keating13
together with the requirement of over-all charge
neutrality

[ % [poy(F) +pion( ¥)]=0 . 1)

Once (7) has been assumed, the general sum rule
yields, as a special case, the acoustic sum rule of

|
Pick, Cohen, and Martin. As these authors point
out, (4) is really a statement about the cancellation
which occurs between the diagonal (K=K') terms
and the off-diagonal (K#K’) terms of €, as im-
plied by the acoustic sum rule. With these last
remarks in mind it is convenient to separate the
expression (2c) into diagonal and off-diagonal parts,
denotlng the total contribution from all K#K’ terms

y 0A35.(q). In addition, we denote that L part of the
dynamlcal matrix derivable from 0ASS (q) as dSS(q);
i.e., d53. 1(q) is given by Eq. (2b) w1thA° (q) re-
placed by 6455, (q). With these definitions, the
condition (4) implies

(41/a) Z,€55(0) 2, Z, . + (M1 M) V2 1im 2. (M,)!/2
o

q~0 o'

x[dgy: (q) =dgy (@))(Mg)2=0 . 6)
Thus, whatever form the model for d,,.(q) takes,
the necessary condition of translational invariance
implies that it must satisfy (8).

III. MODEL

The choice of an approx1mat1on for the off-diag-
onal elements of 6'1(q+K q+K ) is guided by the
ideas stressed in Phillips’s theory of the covalent
bond in diamond-type semiconductors. As in Mar-
tin’s treatment of the homopolar semiconductor Si,
one approximates the contributions from the off-
diagonal part of the dynamical matrix by the Cou-
lombic interaction of localized bond charges with
themselves and with other “residual” charges
located at the ion positions. Within the context of
Phillips’s theory, these residual charges arise be-
cause the ions are incompletely screened by the
valence electrons. The fraction of the electronic
charge not participating in the screening of the ions
is localized in the covalent bond. Thus if an ion of
type 1 exhibits a residual charge z,, it contributes
an amount of charge o - z; to each of its associated
bonds. In the NaCl structure an ion of type 1 has
only type-2 ions as its nearest neighbors. Thus,
the total charge in each bond will be z = —%(zl +23).
In the ideal covalent case both z; and z, would be
separately positive and the ion cores would be well
described by bare metallic form factors. However,
in order to include the possibility of complete
charge transfer, characteristic of ionic bonding,
we impose no restrictions on the signs of z; and z,.
We would expect, however, that if this simple
model of partially covalent bonding is to be qualita-
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tively correct, one should have z; +z,>0.

Now, within the framework of the model, the
specific ansatz that one makes for the off-diagonal
part of the dynamical matrix takes the form

S SNV A S— “Eq
(MlMZ) 2 i (MUMU')m aug"aufa" u=0 ’

(9)

Here, u’ is related to the atomic displacement u;°
by the normal mode transformation

.Zso: (Nc)-l/zzaeiq‘ (R1+Xg)u 20 ,

where —ﬁ, is a vector of the fcc space lattice and »X<7
denotes the position of an ion of type ¢ in the prim-
itive cell. N¢ is the number of such cells. Finally,
we have that E; is a Coulombic energy consisting

of two parts which we denote by Ezz and Egz;. The
first part,

1 ’ 6222

Epp= 5

2 15,100 ]sz"i"z',,'f ’ (10)

represents the mutual interaction of all the bond
charges in the crystal, assuming the same value z
for each of these charges. Since each ion has as

its nearest neighbors six ions of the opposite kind,
we adopt the convention of associating all of the bond
charges with a single sublattice and define their
positions with respect to that sublattice. Thus,

Tp=R,+70+067,0), b=1,6. (11)

The :F,‘,’ represents the bond-charge position in the
undistorted lattice and is given by

-0

79=ad,, 0<a<l

where d,, is one of the set of six-nearest-neighbor
vectors (1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 0, 0),
(0,1, 0), and (0, 0, T). For a given ion in the ref-
erence sublattice, the six bond charges associated
with this ion are each located a fractional distance
a along the respective nearest-neighbor vectors
emanating from the ion. We assume that this holds
true even in the distorted lattice. Thus 67,(), the
displacement of the bond charge from its equilib-
rium position, depends linearly on @ and has the
form

67,(1)= (1 — a)ut+ au?, , (12)
where ﬁ',l, ﬁf. are the displacements associated with
the reference ion and the appropriate nearest-
neighbor ion, respectively.

The second contribution to the total Coulombic
energy E. consists of the interaction energy of the
bond charges z with the residual charges z;, 2,
located at the instantaneous ion positions in the two
sublattices. As will be discussed in more detail
later, z;, z, are related through €, to the ionic
charges Z;, Z,. Thus,
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2
D ] (13)

b
10,1'b [Tyq =1y 0y

— - g
r;,=R;+X,+u;

and ;, +p is defined as before.

In Appendixes A and B we evaluate the expres-
sions (10) and (13) for Ezg and Eg;, as well as the
expression for d$$,(q). From Eqs. (B2)-(B4) in
Appendix B we readily find that in the small ¢ limit,

(My /M)2d 35" (q)~ (4n/a)qsq,0/q°)
x{[(1 - &)(62)+z, |2 - 2}}
+(41/3a) [ #(62)2; + (1 - 0)*(62)2, |85, ,

(M, /My)V2ds5" (q)~ (4n/a)qsqs/q%)

x{[@(62) +25]> — 25} (14)
+(471/3a) [ 0¥(62)zy + (1 — @)?(62)z, 6, ,
i3’ (q)~ (4n/a)(gsq, /97
x{[(1 —)(62) + 2, | [ (62) +25] — 2125 }
- (47/3a) [ B(62)z; + (1 - @)2(62)2, 6,

From Eq. (14) one easily obtains expressions for

d%,.(0) and d%.(0), which can be inserted in the sum

rule (8). When this is done, one readily finds that
the sum rule will be satisfied for the following par-
ticular choice of z and z;, z,:

Z=—é—(21+22) s ZU=Z°./\/€0 . (15)

This result is, of course, intuitively appealing. The
amount of charge z associated with each bond agrees
with our earlier speculation. Furthermore, the
mutual interaction of the charges z,, 2z, is propor-
tional to Z,Z, /€,, which agrees with the interpreta-
tion of a bare ion of charge Z; interacting with the
screened charge Z,/€,. We may use (15) to rewrite
the expression (14) as

/2
(38) " (@)~ 27 L (g *p-2t)
—g—zlr‘[(q*)2+2122]5551 )

M 1/2 v, > 47T s .
<4—4‘:‘> dss’ (q)~ _a________Cquls [(q*)? - 23]
(16)

4m
T3 [(q*) +lezjéss' ’

,, - 4

RCIEE e S (PSRN
47
+5[(q*)2+zlzz]ﬁss.,

where the charge ¢* is defined as
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g*=azy+(a=-1)z, .
We will see shortly that ¢* is the effective charge
responsible for the splitting of the LO and TO modes
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at the zone center. The long-wavelength limit of
the total dynamical matrix is found from (2c) and
(16) to be given by

12 st (= Aiz_ Ve ss’ ( Ss’ (= 477qsqs' 2 *)2
i (a)~ M, % (q)~ —Di3 (q)N—a—q—z(q*) +(47/30)8550 {212, - 212, = (¢%)

~Tze ® X2 [(K2/am)U,(R)][(K 2/4mUy(R)] [€:(0) - 1]} . (17)

The relation (5) permits the evaluation of A%,(0) and
AL(0) in a straightforward manner. The LO- and
TO-mode frequencies at g=0 are then given by (6).

—

It is useful at this point to regroup the terms
which appear in the expression for the total dynam-
ical matrix. Thus, we rewrite (2¢) as a sum of two

Of particular interest is the fact that terms:
My+M AS(q)=Cei(Q)+Fisi(q) , (19)
(1)2 0) - wz 0) = _[ AL _At
LO( ) TO( ) ('M‘j’lﬁz‘)‘iai? [ 12(0) 12(0)] where
o, - v o= 47 S o
=W&}%<q*)% (18) Ca1 ()= 0458 (D) +2F 202, L g e ¥ Foo
1Mz
which justifies the earlier supposition of associating » (q+ R) (q +R)..
g* with the macroscopic electric fields responsible | g+ K2
for the splitting of the optic modes at q=0. and
]
F$.(q)= 4—"(2 Z,. —2,2 ,)Z*e"ﬁ"?““'(a+ﬁ) (g+K),: + Nz e K Xoor lg+X U,( +E)J
o0 a o&g ko K | E+K 12 a R ar o\ a
(4+K),(+K), [ 1d+K 12 =T 4.~
x [El’ sf{IZ £ 47 Ua'(q+K) [GKIK(Q)_I] . (20)

It is to be noted that C55.(q) and F5.(q) each sep-
arately satisfy the translational invariance condition
(4). Cgs. is, of course, that part of the dynamical
matrix derivable from the Coulomb interaction of
the electrically neutral system of charges z,, 2,

and z, located at lattice sites and bond sites re-
spectively. The remaining contribution to the dy-
namical matrix FSS. (q) may be termed the repulsive
contribution, since it represents that part of the
dynamical matrix arising from all non-Coulombic
sources. [This is clear from (20) — the first term
subtracts off the direct Coulomb part from the sec-
ond term which contains both Coulombic and non-
Coulombic contributions.] The model to be con-
sidered in the present work is that of approximating
F35.(q) by an effective short-range interaction, this
being essentially the “simple bond charge model”
employed by Martin in his calculations on Si and
diamond. Martin was able to show in his calcula-
tion for Si that a direct evaluation of F employing

a realistic model for €(q+K) yielded force constants
which dropped off rapidly beyond the first-neighbor
separation (thus justifying the approximation). We
introduce the model here on an ad hoc basis — the
major justification at this point being the extreme
simplicity of the model. It might be anticipated

that such a simple model would, at best, recapture
only the qualitative features of the phonon spectrum.
Interestingly enough, however, the model yields
quite good results in that case which is treated in
detail, i.e., MgO. Moreover, the overwhelming
simplicity demands that the model be examined in
detail ~ this is essentially the goal of the present
work. We defer to Sec. IV a discussion of the more
difficult task of calculating F5.(q) from a model
e(a). Of immediate interest now, however, is an
examination of the consequences of introducting an
effective short-range interaction as the approxima-
tion for F3.(q). We consider first the effect of
nearest neighbors.

For the NaCl structure, a nearest-neighbor in-
teraction involves only atoms of opposite kind and
hence only contributes to A{3'(q). We have that

Fii'(d)=F3'(4)=0,

$5°(d)=-2zcosq-Tois (T),

(21)

where
(pfgl(;): (655' _TsTs’/Tz)(Pt( [:F l)

+ (1,75 /T80, (1T1)
and the sum on lattice vectors T is taken only over
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near -neighbor atoms.
In the simple bond-charge model, the expressions
for AT,(0) and AL, (0) are found to be

AL (0)= (47/30) (¢*)* - 29, - 49, , (22)
AL(0)= - @7/3a)(q*)® - 29, - 49, ,

from which we obtain the optic mode frequencies
at ¢=0. The condition that the crystal be in equi-
librium at zero pressure allows us to eliminate the
transverse component of the near-neighbor force
in favor of the Coulomb energy per particle. Thus,
we-have

D= e,
where €. is the Coulomb energy per particle of the
system of charges z;, z,, and z arranged at lattice
and bond sites, respectively. The calculation of €,

is carried out in Appendix A where it is shown that
€c may be expressed as a sum of two parts:

co=ed +e@(a)
e’ =(1/a)[(z3+ 21 My + (2, — 202 M, |, (23)
€F(a)=(1/a)[(zy+2,)? My(®)
+(z5+21) (2, —2) M (@) ] .

Here €’ represents the Coulomb energy per parti-
cle in Ry for the array of charges z;, z, immersed
in a uniform compensating background. We have
that

My=-0.70932, M,=-0.43689,

and note that (- 43,) is the usual Madelung constant
associated with the NaCl structure. The term €2
represents the energy of interaction of bond charges
z with the charges z;, z, at lattice sites in the pres-
ence of a uniform compensating background of
charge. The M, and M, depend on the bond-charge

parameter & and satisfy
My @)=My(1-0), Ma)=-i,1-0).

Table I tabulates M; and M, as functions of a.
The long-wavelength limit of the dynamical ma-

TABLE I. The parameters which enter into the ex-
‘pression for the Coulomb energy as functions of the bond
position a,

a (@) Mya)
0.10 —1.954 06 —4,.126 04
0.15 —1.21268 —-2.45864
0.20 —0.84361 ~1.62332
0.25 —0.62517 -1,11909
0.30 —0,48439 -0,77793
0.35 —-0.39095 - 0.52668
0.40 -0,33067 -0.32734
0.45 —0.29661 ~0.15709
0.50 - 0.28556 0
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TABLE II. The parameters which enter into the ex-
pressions for the elastic constants as functions of the
bond position a.

a T TR Tl TP@ TP@ TP
0.10 —3.2631 —2.0973 1.6316 11,0487 —1.5581 —0,1935
0.15 =-2,3299 -1,0312 1.1649 0.5162 —1.1056  0.0487
0.20 ~-1.8269 -—0.5376 0.9133 0.2684 -0.8516  0.1411
0.25 —1.4935 -0.2785 0.7466 0,1397 —0.6744 0.1691
0.30 —1,2479 -0.1558 0.6240 0,0785 ~0.5373 0.1625
0.35 —1,0620 —0.0778 0.5309 0,0395 —0.4288  0,1359
0.40 —0.9273 -0.0333 0.4635 0.0172 —0.3475 0.0973
0.45 —0,8457 -0,0110 0.4229 0.0058 —0.2988  0,0448
0.50 —0,8186 0 0.4092 0 —0,2825 0

trix yields expressions for the elastic constants
whose dependence on sublattice charge and bond
position is similar to that exhibited by €;. Indeed,
we find that

Ci1=(2, +21)? Ci (@) + (25 — 2P TP
+(25+21)(21 —25) C2(Q) +ag, ,
Cuy=(25+2)°CH () + (25— 2,)?CH
+(25+21)(2; —2,) T3 () + 5a€c (24)
C=3(Cyy - Cyp)

=(2,+2)2CP () +(zy— zl)ZE;Z’

+(25+21) (21 = 2,)C @) + 1 alp, +5€6).

In the above, C represents a dimensionless quantity
defined in terms of the usual elastic constant C as

C=(27r¢/e?C.

The parameters C{)’, C3Y’, T’ are symmetric

under a~— 1 - a, whereas C{y’, C{, and C{¥ are
antisymmetric under this same interchange. The
values of these parameters are tabluated in Table

II. Furthermore, we have

C®=-0.6390, C=0.3195, CZ=-0.3336,

independent of a,

It is instructive to plot the reduced elastic con-
stants as functions of z; and « for fixed ¢g*. First,
however, note that the dynamical matrix is invariant
under the transformation z;+ -2, 2,~ —25, as well
as being invariant under the simultaneous inter-
changes My~ M,, 23— 25, 0«1 - a. Either of
these transformations results in a change in the
sign of ¢*. Thus, only |g*| is relevant and this
may be determined from the zone-center optic mode
splitting. If we arbitrarily choose the sign of ¢* to
be positive and allow z, to range over positive and
negative values, we find that z, 20 for az, 2g*.
Imposing the constraint that the charge in each bond
be negative restricts the range of z; values to be
considered to z; >¢*. The short-range parameter
@, appearing in Eq. (24) is determined through a
fit to the zone-center TO mode — a convenient pro-
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FIG. 1. Plot of the reduced elastic constants Cy; and
Cy4 vs bond position o, The curves are labeled by the
value of the parameter z;. The rigid-ion model (z;
=1.149) is represented by a horizontal straight line.

cedure, since it permits the introduction of second-
neighbor forces in a straightforward manner at a
later point. This last conclusion follows if we re-
call that second-neighbor forces act only between
like atoms, so that the placement of the zone-center
optic modes and, hence, the value assigned to ¢,

+2 ¢; will be unaffected by the introduction of these
forces. Furthermore, the second-neighbor param-
eters can be chosen in such a way as to be consis-
tent with the zero-pressure condition in the presence
of nearest-neighbor forces only, thus leaving the
determination of ¢, and ¢, separately unchanged.

In Figs. 1 and 2 the reduced elastic constants as
given by Eq. (24) are plotted as functions of z; and
a for the case ¢* >0 and in the region 23 2 ¢*. The
value chosen for Ig*| is that appropriate to the
zone -center optic mode splittingzo in MgO, i.e.,
| g*¥1=1.149. For each value of z; and @, the
short-range parameter ¢; was determined from the
zero-pressure condition whereas the parameter ¢,
was determined from a fit to the zone-center TO
mode frequency?’ in MgO, i.e., wqo(I)=1.354.

There are several general features of the plots
in Figs. 1 and 2 which are relatively independent
of the values chosen for |g*| and wgo(T). Let us
note that the amount of charge in each bond varies
linearly as z, for fixed a and inversely as (1 - @)
for fixed z,. Then, for fixed @#0 or 1, if we in-
crease the amount of charge in each bond by in-
creasing z4, the reduced elastic constants Cy; and
C 44, respectively, decrease and increase from their
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purely ionic values (z;=qg*, 2z;+2,=0). Thus, the
introduction of bond charge tends to soften the longi-
tudinal vibration along [100], at the same time
strengthening the [100 | direction against shear.
Furthermore, the [110 ] shear mode is softened.
Fixing 2z, and varying the bond-charge position o
reveals broad maxima in C,; and C, as well as a
broad minimum in C,4.

If we note the experimental values for the elastic
constants® in MgO:

C11=4.93, Cu=2.64, C;,=1.49, (25)

.we see that the best fit to C;; and C, is given by a

nearly ionic description, although such a description
yields a crystal which is nearly unstable to shear
along [100]. It is not surprising that the rigid ion
model is not satisfactory; the Cauchy relation C,,
=Cy, is satisfied for such a model, yet it is clear
from (25) that such is not the case in MgO. The
violation of the Cauchy relation may be interpreted
as a manifestation of the presence of noncentral
forces, arising from covalent effects. It is a fea-
ture of the bond-charge model in the present context
that the inclusion of charge along the octahedral
bonds stiffens the [100] shear mode through the in-
troduction of noncentral forces. We will see in what
follows that by employing a simple second-néighbor
force we will be able to retain this desirable feature
of the bond-charge model and at the same time make
a fit to C,; and C,.

Second-neighbor interactions in crystals of the
NaCl structure involve only like atoms. If these
second-neighbor forces are important in MgO it is

20 T T T T T T T
e 1.149
~
L5
1S
=
<€
=
2
8 Lo~ L9 T
o
Z
=
23
™ >0
00 | I | | | L |

0.0 01 0.2 0.3 0.4 0.5 0.6 0.7 08
BOND POSITION o

FIG. 2. Same as Fig. 1, but for the reduced elastic

constant Cj.
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FIG. 3. Plot of the range of values of the bond param-
eters z; and o for which a fit was obtained to the long-
wavelength optical properties and elastic constants of
MgO.

reasonable to assume that they act between O ions
only, since the sum of ionic radii for two Mg ions
is much less than the second-neighbor separation,
whereas the sum of radii for two O ions is almost
equal to this separation.?* With Mg ions labeled
o=1 and the O ions labeled 0 =2, we have the follow-
ing form for the second-neighbor contribution to
Fasi(q):
i @=FE (d)=0, (26)
Fis' (4)=(My /M) : (1-cosq-7) 33 (T) .

The sum on lattice vectors 7 is taken over the 12
second-neighbor ions. For 7=(1, 1, 0), the most
general form of ¢33 (7) allowable by symmetry is

035(110)  @3%(110) 0
@5 (110)=| ¢35(110) @33(110) 0 L@
0 0 033(110)

Setting ¢33(110) =0 in the above achieves consistency
with the previously imposed zero-pressure condi-
tion. The resulting form of the matrix may then be
related to a valence-force-field®? approximation
appropriate to the NaCl structure. In the valence-
force-field approximation wééoc 2k, and ok,

- 2k,,. Here k, denotes a bond-bending constant

for the angle O - Mg — O, k,, isabond pair interaction

constant and %,, represents a cross-coupling con-
stant between the bond and the angle of which the
bond forms one arm. The equivalent of the zero-
pressure condition implies k,, =k, in addition to
¢¥$=0. The valence-force-field picture, first em-
ployed in the description of molecular binding, has
the advantage that force constants are easily inter-
pretable in reasonable physical terms.

The contributions to the elastic constants, AC,

GILLIS 3

arising from the second-neighbor interaction alone

are easily shown to be

ACy;=2ags;, ACu=agss, AC,=3a(3¢5 - 2¢33) -
(28)

As far as the long-wavelength elastic properties
are concerned, it makes no difference which second
neighbors interact; i.e., one cannot distinguish
0-0 interactions from Mg-Mg interactions from the
long-wavelength properties alone. It is instructive,
then, to examine the consequences of assuming only
0-0 interactions by considering the phonon frequen-
cies at the zone boundary. At the L-symmetry
point of the Brillouin zone the second-neighbor in-
teractions contribute additively to the frequencies
squared. Indeed, we find that second-neighbor
forces between O ions affect only the high frequen-
cy (optic) modes at the L point. The second-neigh-
bor contributions to these frequencies are given by

awdo(L)= (M1 /b1p) 893+ 033) ,

Awo (L) = (My/M5) *8( 93 = ¢z
Similarly, second-neighbor forces between Mg ions
affect only the low-frequency (acoustic) modes at
L with the contributions to these modes being given
by formulas identical to (29) but with ¢§; replaced
by ¢ff" and My~ M.

The relations (28) suggest that we search for a

range of values of z; and @ for which

Ci(cale) - Cyy(expt) = 2[ C gylcale) — Cyylexpt) |,
(30)

where C(calc) denotes values calculated from (24).
If such a range of z, and @ exists, then it follows
that within that range a fit can be made to both Cy,
and C,, employing the single second-neighbor con-
stant ¢;;. If one plots the left-hand side (lhs) of
(30) and the right-hand side (rhs) of (30) in a com-
bined plot similar to Fig. 1, it becomes clear that
there does indeed exist a relatively large range of
values of z; and @ for which the equality in (30) is
satisfied. Furthermore, the locus of the points of
intersection of [ Cy;(expt) - Cy;(calc)] with 2[ C,4(expt)
- Cylcale)] is to a good approximation a straight
line with zero slope; i.e., the lhs (or rhs) of (30)
is essentially a constant for those values of z; and
« for which the equality is satisfied. We have
plotted a subset of these values in Fig. 3. For z;

> 2. 8 the relation (30) cannot be satisfied for any

a. However, in the interval 2.8 >z, >2. 3 there
actually exist two possible solutions ¢, @, with
@;~0.4 and @,~0.2. We have chosen to examine
the interval 2.3 >z, >1.3 as that which is physically
most reasonable. For z; <1.3 the Coulomb contri-
bution to the total energy becomes positive. In the
ionic limit (z; =¢*=—2z,) Eq. (30) cannot be satisfied
at all, indeed, the lhs of (30) has the value 0. 43,

(29)
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FIG. 4. Calculated phonon dispersion curves in MgO.
Experimental points are from the inelastic neutron scat-
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symbols denote longitudinal polarizations; solid symbols
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whereas the rhs has the value 3.44. Finally, we
point out that within the parameter range depicted
in Fig. 3, C,(expt) —C,(calc) is constant, so that
C,(expt) can be fit with a value of (pg independent
of z, and @. The final values of ¢} and @32 em-
ployed in obtaining a fit to all elastic constants are

@3:=0.244, ©%=0.100. (31)

We can now ask what effect the variation of z; and
a within the range depicted in Fig. 3 has on the
phonon frequencies throughout the Brillouin zone.
Complete phonon dispersion curves were calculated
employing a sampling of the z, and @ values depicted
in Fig. 3 and using the values of @it and @32 given
in (31). Over this complete range of values, zone
boundary frequencies changed by no more than 10%.
The best fit, obtained with 2,~1.9 and @~ 0.64 is
shown in Fig. 4 together with the experimental data
of Peckham, ?* obtained from inelastic neutron scat-
tering. Agreement between the calculated curves
and the experimental points is quite satisfactory,
although the lack of more extensive experimental
data on the LO and LA branches precludes the
making of any definitive statements. This is es-
pecially true in view of the fact that a shell-model
calculation?* yields comparable agreement with
experiment, yet differs in several important as-
pects from the present calculation. A comparison
of the present calculated curves with those obtained
from a shell-model calculation reveals important
differences with respect to the LO and LA branches
near X as well as the TO branch near X, K, and L.
In particular, we note that the shell-model TO
branch is too low, whereas the TO branch of the
present model is too high. Furthermore, the LA
and TO branches cross near X in the shell-model
calculation, whereas this crossing does not occur
in the present model.

3 SOME ASPECTS OF COVALENT BONDING IN NaCl...

1491
IV. DISCUSSION

In previous sections we have made a detailed
study of a covalent-bond-charge model of the lattice
vibrational properties of heteropolar NaCl-type
crystals. The conclusion was reached that a simple
bond -charge description of the dielectric response
is capable of describing satisfactorily the lattice
spectrum of a heteropolar crystal such as MgO, a
material in which covalent effects are thought to be
important. Although comparable agreement with
experiment has been obtained within the context of
a shell model, the physical interpretation of the
parameters appearing in the bond model is clearer.
To reinforce this point we would now like to sum-
marize and discuss in detail some of the more im-
portant points arrived at in the present work.

In Sec. III we considered in detail the behavior of
the elastic constants for a simple model of a hetero-
polar -structure NaCl crystal. This model included
Coulomb forces arising from point bond charges
and ion charges, together with a nearest-neighbor
repulsive interaction. Two parameters were im-
portant here — the dynamic core charge z, for the
“cation” and the bond-position parameter a@. The
dynamic core charge z, of the “anion” was deter-
mined from z; and @ once the effective charge ¢*
was fixed by the optic mode splitting at the zone
center. Eliminating the tangential near-neighbor
force constant through the zero-pressure condition
left only the longitudinal force constant ¢; to be
determined, and this was done through a fit to the
zone-center TO mode. With this fit to the long-
wavelength optical properties accomplished, the
trends in the elastic constants were examined with
respect to variations in 2z, and @. Equations (23)
and (24), together with Tables I and II, summarize
the information necessary to apply this procedure
to any NaCl-type crystal. In our considerations
we confined ourselves to the region of positive
z;, areasonable choice, as well as to that range
of z, for which the charge in each bond —5(z, + z,)
was negative. It was argued that several general
features of the plots in Figs. 1 and 2 were not de-
pendent on the fit made to the zone-center optical
properties. These features included: (a) For fixed
2y, a broad maximum and a broad minimum appear
in Cy, and C,, respectively, as a is varied; (b)
the strengthening (softening) of the [100] transverse
(longitudinal) mode with an increase in bond charge.
Within the framework of a specific application to
MgO, these two general properties permitted a
range of z; and @ to be found such that the introduc-
tion of a single second-neighbor force constant, in-
dependent of z; and @, yielded agreement with the
experimental Cy; and C,. This force constant ¢35
was interpreted as a bond-bending constant for the
angle O - Mg — O. The inclusion of anadditonal sec-
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TABLE III. Values of some relevant quantities en-
tering into the bond-charge model for the range of z; and
a depicted in Fig. 3.

a 24 2, z ¥ Zott
0. 808 1.4 -0.093 -—-0.218 1.648 2,43
0,761 1.5 -0,031 -0.245 1.804 2,60
0.723 1.6 0.028 —0.271 1.934 2.78
0.694 1.7 0,101 -0,300 2,062 2.95
0.665 1.8 0.143 -—0.324 2,184 3.12
0,643 1.9 0.204 —0,351 2,314 3.30
0.620 2.0 0.240 —-0.373 2,445 3.47
0.603 2,1 0.296 —0.399 2.588 3.64
0.585 2.2 0.326 —0,421 2,732 3.82
0.566 2.3 0.352 —0,442 2,884 3.99

ond-neighbor parameter (pé% — again independent of
z, and @ - yielded agreement with the experimental
value of Es. This latter parameter was related to
the coupling between bond pairs. The fact that @i}
and (pég were essentially independent of z; and «
implied that all implicit dependence on parameters
relating directly to the bond was absorbed into the
radial nearest-neighbor constant ¢,. Finally, it
was pointed out that the rigid-ion model, repre-
sented by z4=¢* = - z,, provided an unsatisfactory
description of the cfystal.

Having established the long-wavelength elastic
and optical properties of our prototype of a partially
covalent crystal, the stage was set for a calculation
of the complete dispersion curves in MgO. Having
constrained the six available parameters through a
fit to the two zone-center optical constants plus the
three macroscopic elastic constants, considerable
latitude remained in the choice of z; and a@. A
sampling of the values of z; and & plotted in Fig. 3
together with other relevant quantities is given in
Table III. The trends exhibited in Table III are
what one might expect on simple physical grounds.
We see that the amount of electronic charge in each
bond z increases in absolute value from 0.22 to
0. 44 as one increases the value of z, from 1.4 to
2.3. Over this same range the first-neighbor ra-
‘dial force constant ¢, increases in value in order
to keep in line with the increased importance of the
Coulomb forces. The effective ionic charge Z.;
for the cation [see Eq. (1b)] is defined in terms of
2y a8 Zg=V€y2,, wWhere €, is the high-frequency
long-wavelength dielectric constant. Using the
value?® €= 3. 01 for MgO, we see that Z,, increases
from a value of 2.41 to a value 3.96. For the value
of z; used in the calculation of the dispersion curves
shown in Fig, 4, Z., has the value 3.30. This is
to be compared with Z,, =2, which one would ex-
pect for a rigid-ion model with no valence distortion
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effects. One should not place an undue amount of
significance on the particular value of z; used in the
final calculation, especiallyin view of the factthat
the over-all dispersion curves were relatively in-
sensitive to the values chosen within the range de-
picted in Fig. 3. It is to be expected that the ¢+ 0
phonon frequencies would be relatively unaffected
by variations in z; and @ - the point bond-charge
approximation is essentially a long-wavelength ap-
proximation. Hence, once the ¢~ 0 lattice proper-
ties have been used to constrain the range of varia-
tion of the parameters relating directly to the bond
charge, there should be little effect on the ¢ #0
properties when these parameters are varied.
Further improvements would require the introduc-
tion of a form factor for the bond charge as well as
an ion-core form factor calculated from first prin-
ciples. In lieu of this one is forced to resort to the
simplest approximation - that of using point
charges. This is probably not an entirely satis-
factory approximation in MgO, in spite of the agree-
ment with the experimental dispersion curves shown
in Fig. 4.

There are several differences which exist be-
tween the present approach and the more common
shell-model approach which should be emphasized.
First, and most obvious, is the fact that valence
distortion is included in the bond-charge model
through the introduction of charge into the octahe-
dral bonds, rather than through electronic “shells”
located at lattice sites. Second, the nearest-neigh-
bor tangential force constant is eliminated through
the stability condition in the present approach rather
than being treated as an additional adjustable pa-
rameter. Third, the covalent bond model places
physical significance on the second-neighbor forces
through the introduction of a valence-force-field
matrix, rather than treating these parameters in
an ad hoc manner as in the shell model.

We would now like to confine the remaining dis-
cussion in this section to a consideration of one of
the major approximations involved in the present
work. In Sec. III we saw that by approximating the
non-Coulombic part of the dynamical matrix F5.(q)
by an effective short-range interaction extending to
second neighbors, an adequate description of the
dispersion curves in MgO could be obtained. The
question now arises whether an effective diagonal-
screening function €e“(§+_ﬁ) can be constructed
from a simplified model of the band structure such
that the approximation

('1(a+§, (_1’+I_E)N 1/€.:(q+K)

will suffice for a calculation of F5:(q). Our con-
siderations will only be qualitative and will be based
on an examination of the expression for the zone-
center TO mode frequency:
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Lacking a better description, we consider a model
for €.,(q+K) similar to that used by Penn?® and
Srinivasan®®:

) E..k_ﬁfi‘ 2(q\, 1 (a\7"
ee“(q)—1+3ﬂ<a AZ [1+BA<a) +A2<a> .
(33)

In the above expression A is an effective energy gap
which is to be chosen so that €,;,(g =0) agrees with
the experimental €,. The k; is a dimensionless
Fermi wave vector, and B is to be treated as an
adjustable parameter. Fixing the value of ¢*
through the optic mode splitting, the first two terms
on the rhs of (32) were evaluated for a range of
values of z; and a. For each value of z; and @ the
third term in (32) was then evaluated for a range of
B values. As a first approximation the form factors
were taken to be purely Coulombic; i.e.,

Uq)~ -41Z,/q% . (34)

The value for %2z chosen corresponded to eight elec-
trons per unit cell. With B=1 (Penn model) no
range of z; and @ values could be found such that
Eq. (32) yielded agreement with the experimental
value of ¥, (T, indeed, the calculated w’,(T')

was always too soft. The situation improved, how-
ever, for B>1. A value of B~ 2.5 yielded a satis-
factory range of z; and « values qualitatively simi-
lar to the range depicit in Fig. 3 but with z;>1.6
and @>0.65, Admittedly, the approximation (34)
for the form factors is crude; however, it is doubt-
ful that the over-all qualitative dependence of Eq.
(32) on the parameters involved would be grossly
altered through the introduction of realistic form
factors. Thus, on the basis of these qualitative
considerations we can tentatively conclude that at
least the zone-center optical properties can be fit
with a qualitatively reasonable choice for €.;(q).
However, a satisfactory calculation of the complete
dispersion curves would require a more detailed
knowledge of the exact structure of €4,(¢) based on
the actual band structure of MgO.
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APPENDIX A

In this Appendix we employ Ewald techniques to
evaluate the energy E, for an instantaneous con-
figuration of the lattice. In everything that follows,
energies will be expressed in rydbergs, distances
in units of the nearest-neighbor distance 7, and

(32)

[
wave vectors in units of 1/7,.

The first term entering into the expression for
E_ is Ezg, which we evaluate as the mutual interac-
tion energy of all the bond charges in the crystal
immersed in a uniform compensating background.
This takes the form

Egp/N=(4n/a)z? S p2 e‘kz/""N‘z SN gmike G-ty
I3

15, 1'p’

+at 22N 2 G(|Ty - T ])
1b,1'b’

- (m'%/an) (62%) - (n/4na) (62)° .

In the above ), denotes a sum on all wave vectors
k#0. Furthermore, we have that a=7; in a.u.,

N is the total number of atoms in the crystal, z is
the value of the total bond charge at each bond site
and T, is defined by Eq. (12) in the main text.
Finally,

G(|7])=/|F|)Ertc(m'/?|7|)

with 7 being the usual Ewald convergence constant.

The second contribution to E, consists of the
Coulomb energy of the bond charges z interacting
with the charges z,, z, located at the instantaneous
jon positions in sublattices 1 and 2, the whole array
being immersed in a uniform compensating back-
ground. This contribution is given as

-p2 - ~ike -
EBL//N= (877/(1)2’ k-Ze k /4nN 2 E z,2 e ike (¥ ?l'b')
k lo,1'b’

(A1)

+@/a) Nt T 226|715 =710y

lo,1'b’

— (n/4n) 2(2, + ;) (62) .

A third contribution which we will need is the mutual
interaction energy of the charges z,, z, at the instan-
taneous lattice positions and immersed in a compen-
sating background. Denoting this contribution by
E.1, we have that

E, /N= (41r/a)Z)’ k2 g #2/ 4
i

)

(A2)

XN2 D) - ke (Fyg=Ppege)

Z5R40 €
lo,1'c’
+(a1V)-l 2 252 G(I;lo _;l'o' )
lo,1'0’
-2/ ) (2% + 22) - (n/4na) (2, +2,) .

(A3)

Evaluating (A1)-(A3) for =0, yields the expres-
sions necessary for the calculation of the static
lattice energy €.. We have that
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€o=€P +e¥ €P =(Epp/N)y 0+ (Es/Nyeg - (A4)
with Using (A1)-(A4) and the fact that z=—%(z, +z2,),
it is a straightforward matter to express the
€ =(Brr/Nuzo s My, M,, M, and M, defined in (25) as

'Y 1 7= 1 7 - . = 7]1/2
M1=7T§f; Kzexp(—K2/4n)+-4_ [%/ G(IT|)+ZT} G(’T+X12f):,— (“27?) - <Zﬂ;)> ,

=15 K-Ze-K2/4’n+é[Z‘:'G(l?’)—2‘ G(‘?+§12|)] s
Kg T T

My(@)= 11{2 K‘ze‘KZ/""’<l i cosozK,)i?' <I?1§) e'Kz/‘*"[(% 23) cosak; - 1)2— {l} (A5)

3 i =
K, i1 i=1

{%;'GQTIH—Z' G(| 7+ ad,,b:!)—_[zz G(|7+ ad,,’)+Z)EG | 7+Xyp+ ad,) ]} <6:2>+(Z“7_7> )

M,(0)=-215 K-ze-x2/4n(3 > cosaKi) ~T5 [22 G(|7+ad,y|) - EL, G(F+Xp+ ad,,[J

Ky i=1

In the above K denotes a vector of the reciprocal lattice, i.e., K=n(l;,7,,1;), where for the NaCl structure
the set of integers (I;,15,1;) are either all even or all odd. Thus, 3, denotes a sum over the subset of K
for which the /; are all even, whereas EKO denotes a sum over the subset for which the /; are all odd. The
7 denotes K vector of the fcc space lattice 7= (my,my,mg), where the sum of the integers m; must be even.
Finally, X;,=(1,1,1). The @, d,, are defined in the main text.

APPENDIX B
Starting from Eq. (9) of the main text we proceed to evaluate the contribution @5 (q) to the total dynamical

matrix. We have that

. 1 92E,
(1) 205 @)= (Vo)™ 5 ente” FawrFan ( c ) . (B1)
Mz 4)=We) 01, 32, 377 o, 0l ) o

Considering first the contribution to E. arising from Eg;, we find using (B1) and (A2) that
M —
( 1> a5 51 (d) =22 [2(1 - )25 (1-¢" T)7‘ Poer (T+ ad,)+ a"’EZ} e (T+ ozd,,)-|
T

+252(1 = OI)ZZ}E Yo [T+ (1= @)d,]
T b

M 2, . ‘M /2, . .
<Mg> gg,aL(CI)=(‘—1> dii,p.q) with 2y +—2,, @—l-a ,

-

50 (@)= 202 {a DD [ e C W) (s ad) - a5 D e g, 7 aé,,)}
T b

,F

+Zzz{(1 - @) DD [ - ol g L[Fr (1~ a)d,] - (1- )P 2 e b [T+ (1~ a)&,,]§ ’
T b 7 ob

(B2)
where
- > 2 P S . -
Poot (T+ ady) == (87/aN) 23 (ks kg [RP) 74" 'F* C+0d)  (2/0) V.G (| T+ ady|) . (B3)
k
I
The nomenclature is the same as that which was in- force acting between an ion located at the origin and
troduced in Appendix A. an ion located at 7. The f.. (T) possesses the full
Let us observe that symmetry of the lattice, i.e.,
fss'(‘F) 5217 Psst (7?+ aab) fss’ (R'?) =t2 Rst ftu(‘F)R;;' ’
u

may be interpreted as contributing to an effective where R is an operator of the full cubic group.
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Note, however, that in df;’ s there appear other M\ .
' o ' 2(a )2 e- 1"
nonconventional terms of the form (Ma) dii,pa (@)= (1 - @)*(62) Z; [1-e 7]
Los @, 7) 22, e b, (F+ ady) ,
* ’ ’ s i 36 LI ¢ssl (T+ adbb')
which cannot be interpreted as a force constant
depending only on 7. This, of course, is a mani- IVANG s 1 s
festation of the noncentral forces arising from the Tu_l) dz2,55 @)= dii,5 @) B4
interaction of bond charges located at points other . (B4)
than lattice sites. Since g, satisfies with 2y —2z;, ¢—l-0a,
e s - 5@ = all - )(62)* D' [ %
gss'(R-IQ, RT)=%I Rstgtu(qu)Rt:;' ’ Tybyb*
u
_ el (Fady) i.,
the dynamical matrix has the correct symmetry as € D] @s (F+ adyy)
it should. , where d,; =d, - d,.
The calculation of the contribution to d% (q) aris- ConSIderable simplification results if we combine
ing from Egy proceeds as above. We now employ w, sz () with dS5, ,55(d) and insert the value
(A1) in conjunction with (B1) to obtain L(zl+ z,) for z. We have that

J

G @ 5 [‘;”z @+ RLGR)r pizeriron p . ) - 5 cos@.mgs'(mf,,ass,] ,
l7 T

Iq+K |2
9 47T K K o i - = N > - = - -
dis @)=— % ——‘r—-iﬁqlgz ) cos(K - Xy5) Fio(@+K)- 25 cos[q. (F+Xpp)] U35 (F+Xyp) + R (q) (B5)
T

where
- % ( 1—3\ - == 2 2 -
F,(d+K)= (1—<’e)(z1+z2)512_=/1 cos[a(q+K)¢]—zl} -27, F[d+K)= F; with 2, —2z,, 0—1-0a ,

/2
fi—— z1(z1+22.) 3‘; 7 - @) (2, +25){(1 - a)(z1+zz)1~[1+e‘4"°‘2+4e'2”°‘2]—Zzle"""z},

fo=fi with 2, «=2;, @ —1-0a,

\I”fs' (F) = (1 - a)2(21+32)2§1§ 2 (Z/a)VsVS,G(I ¥+ Olab,,:
124

)-2(1- a)zl(z1+za)€;? 2/a)V V.G(| T+ ad:,]) ,

T (F) =¥ with 2, +—2,, 0 el-0a,

F([{+K)= [(1 a)(z, + zz) Z cos(a(g+K);) - z] {a(z1+ 23) % :é cos[(1 - a)(g+K);] - zz} - 225 ,

\Ills;' (?+ 3’(12) = a(l - 01)(2'1+ ZE)Z 5% [E” (Z/G)VSVSIG( ‘ 7?+ iiz - abi )+ Z;' (Z/Q)stsl G( I :F‘}‘ ilg - ab‘l' aébbl
b b,b’

]
—-az(z,+2) % Zb) (2/a)V V. G(| T+Xpp+ (1= 0)d,|)
- (1= a)zy(z +2) 3 E(Z/a)VsVS.G( | 7+Xp+ ady|)

The double prlme on 2,, 1n the first termin the above expression means that when 7+§ 12 18 anearest-nelghbor

vector the term db— F+X,, is to be excluded. Finally, we have that R%* (§) is given in terms of

37, and
% by

R”' @)= a(l - @) (2, + 25)[2,R57 (1 = @) + 2,R5S ()] = @l = @) (2, + 25)°R555 (@)
where
. - = 2 e .
R (0)= (47/a) DK Ky /K?) cos® - Xy,) e /4% 25 cos(d - dy+ @K - dy)
b
-@/a)2 + 2 cos(@-d,) ViV G(| T+ XK+ ad,|),
T b

and



1496 N. S. GILLIS 3

. 2 ) > > = >
RS, (a) = (4m/a) % (K, Ko /K2)e 74 & beI' cos(d-d,+ @K-d,,)

).

-%ﬂ? cos(-d;)](2/a) A:) VG| T|)+ bE cos(d-dy) (2/a) 2 Ve G(| T+ ady,

#b T

—

It is easily found that
R*®'(q)=0, s#s’

and that the diagonal elements have the form
Ry1(d) = (cosgy)7; + (cos gy + COSqy)7;

Ry, () = (cosgp)7; + (cosq, +cosgs)r, ,

Ry5(q) = (cosgy)7; + (cosg, + cosgy)7; .
Furthermore,
L1r[RSS'({)] = - (cosg, + cosgy + cosgs) (1l - @)
X (2, +2,)2(8/3a) P 2 /VT)

= 1(cosgy + COSqy + COSqy) (7; + 27) «
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